In this paper, we study an extension of the standard ray-theoretical transport equation. We include a higher-order term of the ray series and obtain a modified frequency-dependent transport equation. This equation is solved analytically and numerically for an elastic 1-D model. The analysis of the results documents that the ray series diverges just at the boundary of applicability of the underlying high-frequency approximation. This implies that taking into account higher-order terms in the ray series neither improves accuracy nor allows a shift of the boundary of its applicability towards lower frequencies.
INTROD U C T I O N
Ray theory is one of the most widely used tools for seismic modelling, imaging and inversion. It plays a key role in the vast majority of wave propagation studies and has been successfully applied in a large number of projects ranging from shallow hydrocarbon exploration to deep seismic soundings. Seismic ray theory itself is a well-developed method (Cerveny 2001) , however, it has been, and still is, the subject of many numerical and theoretical investigations with regard to its limitations and extensions.
One area of investigation is the applicability and the divergence of the ray series, which itself results from a high-frequency approximation of the wave equation. It is well known that convergence of the ray series to the exact wave-theoretical solution has an asymptotic nature. Asymptotic convergence means that the difference between the exact solution and the ray solution tends to zero for sufficiently high frequencies. However, for low frequencies, the ray series can diverge. A careful analysis of the asymptotic convergence requires significant efforts incorporating special functions or complicated integrals. This paper illustrates the convergence behaviour of the ray series with the help of a modified transport equation (MTE). This equation is derived from the standard transport equation by incorporating a higher-order term. It is solved analytically and numerically for a simple 1-D model, in which case the wave equation has an exact solution in elementary functions, which can be compared with the ray solution. It appears that the ray series starts to diverge just when the conditions for its applicability are violated. This demonstrates that accounting for higherorder terms in the ray series beyond the boundary of its validity is the reason for divergence instead of expected improvements of accuracy.
HIGH -F R E Q U E N C Y A P P RO X I M AT I O N O F T H E WAV E E Q UAT I O N
We consider the case of a shear wave propagating in a 1-D elastic medium with density ρ(z) and shear modulus µ(z). The propagation is described by the wave equation
where u denotes the displacement in the direction perpendicular to the z-axis (so called SH case, see e.g. Cerveny 2001 ). We use a time harmonic high-frequency ansatz for the displacement u of the form
where A and T describe the frequency-independent amplitude and traveltime, respectively. Inserting this ansatz into the wave equation and sorting according to the powers of the angular frequency ω leads to
This equation is only true if all three terms on the left hand side vanish separately. The largest term (eq. 3), which is proportional to ω 2 , yields the eikonal equation
with the shear wave velocity
The second term (eq. 4) yields the standard transport equation
The solution of the eikonal equation is the traveltime T(z). The transport equation can be solved for the amplitude A(z) using this traveltime T(z), but the result does not necessarily satisfy the third term (eq. 5). Except for very simple cases the third term remains finite, although it is mostly a small term with strong decrease away from the source. Some attempts have been made to eliminate the last term (Cerveny 2001) . One possibility is to employ some sort of generalized Born approximation and to consider the last term (eq. 5) as a source term in the wave equation. Another possibility is to combine the last term (eq. 5) with the first term (eq. 3) and derive a frequency-dependent eikonal equation (hypereikonal) (Biondi 1992; Zhu & Chun 1994) . Similar to that, we propose to combine the last term (eq. 5) with the second term (eq. 4) and obtain a frequency-dependent transport equation, which we call the MTE. In the following section, we will derive this MTE. We will then investigate its properties with the help of a simple example for which it is possible to derive an analytical solution. We compare this result with its numerical solution and with the corresponding solution of the wave equation.
THE MOD I F I E D T R A N S P O RT E Q UAT I O N
A combination of the second term (eq. 4) and the third term (eq. 5) into one equation yields the so called MTE in the form
This is an ordinary homogeneous linear differential equation of second order for the now complex and frequency-dependent amplitude A:
For a given shear modulus µ function and for a traveltime function T(z) calculated from the eikonal equation, the amplitude function A(z) can be computed using eq. (9). For the numerical solution, it is slightly more convenient to transform the complex differential equation of second order into a system of two coupled complex differential equations of first order. The latter can be solved by standard Runge-Kutta schemes (for details see Buske 2000) .
AN ANALYTIC A L S O L U T I O N O F T H E M O D I F I E D T R A N S P O RT E Q UAT I O N
A simple analytical solution for the MTE can be found when the velocity is constant and the shear modulus follows an exponential function:
Although this function is geologically not very realistic it allows the solution to be written in a closed form because the coefficients of the MTE become constant. In this case, the MTE reads
This equation can be solved analytically using an ansatz of the form
The two solutions of the corresponding characteristic equation are
The general solution can be built from a linear combination of two special solutions exp (λ 1 z) and exp (λ 2 z) and reads
The coefficients a 1 and a 2 can be determined from the initial values and one obtains
For the characteristic frequency ω = ω 0 the zeroes of the characteristic equation are identical,
and so are the two special solutions. Because the MTE is of second order one needs another special solution in order to build a fundamental system of the differential equation. Using a reduction ansatz (see Collatz 1966, pp. 89-90) this special solution can be determined to z exp (λ z), so that for ω = ω 0 the general solution reads
Again the coefficients b 1 and b 2 can be calculated from the initial values
For sufficiently high frequencies (ω ω 0 , high-frequency asymptotics) the solution λ 2 becomes real, the coefficient a 1 vanishes and the coefficient a 2 tends towards A(z = 0), so that the solution of the MTE is given by
This is exactly the solution of the standard transport eq. (8). Thus, for sufficiently high frequencies, the solution of both equations converge. 
A NUM E R I C A L S O L U T I O N O F T H E M O D I F I E D T R A N S P O RT E Q UAT I O N
The above equations describe the analytical solution of the MTE for this special model in a closed form. Here, the result is computed numerically for a certain realization of this medium with the following parameters
The depth range is z = 0 to1000 m, where the density increases exponentially from 1 to 2.7 g cm −3 . The initial values are The modulus of the amplitude computed from the MTE starts at 1 for the frequency ω = 0 and its convergence is oscillatory for increasing frequency towards the wave-theoretical solution. The corresponding phase of the MTE starts at zero and shows a similar behaviour for increasing frequencies, except that for all frequencies the phase is larger than the wave-theoretical prediction. The limits for ω → ∞ can be determined directly from eq. (20) (modulus = √ 1/e ≈ 0.606; phase = 0).
DISC U S S I O N
For sufficiently high frequencies, the result of the MTE converges not surprisingly to the WS. However, the frequency dependence and in particular the behaviour at low frequencies have to be discussed in the framework of the applicability of the underlying assumptions. One common estimate of the validity of the used high-frequency approximation states that the frequency must be large compared with the gradients of the material parameters:
For the example presented above, this means ω 1 s −1 . From  Fig. 1 , one can see that at approximately ω > 2.5 s −1 the solutions of the MTE and the WS start to converge. For a velocity of β = 1000 m s −1 this frequency is equivalent to a wavelength of approximately 2500 m. For larger wavelengths (or lower frequencies) the layer with a thickness of 1000 m and a relatively high density contrast appears as a discontinuity and it reflects. This reflection is in general not included in the ansatz of the MTE. However, for smaller wavelengths (higher frequencies), the layer appears less as a discontinuity and the solution of the MTE converges towards the WS. In general, one can say that for models with low gradients of medium parameters (i.e. for models where reflection is not the dominant effect) the frequency behaviour of the transmitted ray (wave) field can be described in a sufficient way by the MTE. Nevertheless, in this case even the constant frequency-independent solution of the standard transport equation is sufficient.
From another viewpoint of the general applicability of the underlying geometrical optics (GO) approach, the necessary condition is (Kravtsov & Orlov 1990) 
which means that the characteristic length L ≈ 1/κ of the variation in medium parameters is much larger than the wavelength = 2πβ/ω , i.e. L . Under this condition the two solutions of eq. (14) become
In this case,
so that [for ∂ A / ∂ z (z = 0) = 0] the solution takes the form
The second term in eq. (27) again corresponds to the solution of the standard transport eq. (20), whereas the first term in eq. (27) describes the reflected wave with the amplitude being proportional to the small factor κ β/ω 1. Thus, the solution of the standard transport eq. (20) is in fact the leading term of the high-frequency asymptotics of the exact solution (15). According to the theory of complex variables (Cartan 1995) , the power series for λ 1 − λ 2 takes the form
and converges only if
that is in agreement with the condition of GO applicability (eq. 24). At the same time, the ray series itself [i.e. the expansion of the exact solution (15) in inverse powers of ω] diverges beyond the area of GO applicability (eq. 29). This means, from a practical point of view, that accounting for higher-order terms in the ray series makes sense only until inequality (eq. 29) holds, otherwise higher-order terms will be the reason for the divergence of the ray series. The reflected wave itself (the first term in eq. 27) principally cannot be expanded into a series in inverse powers of ω. Therefore, as already stated above, the reflected wave can in no way (not even with the MTE) be extracted from the ray series.
The results presented here can be easily transferred to the acoustic case in a straightforward way. The MTE itself can be formulated also for the 2-D case (Buske 2000) , however, no basically different behaviour can be expected. Furthermore, the results presented here are strongly linked to the divergence of the GO series for the diffraction of a Gaussian beam in free space, where in general the same behaviour is observed. This investigation is the subject of an accompanying paper (Kravtsov & Buske 2004 ).
SUMM A RY
We have shown an extension of the standard ray-theoretical transport equation. A higher-order term has been incorporated resulting in a frequency dependent MTE. We have solved it analytically and † Deceased.
numerically for an SH wave propagating in an elastic 1-D model. An analysis of the results demonstrates that the MTE does not permit the improvement of the accuracy or even the extension of the validity range of the underlying approach towards lower frequencies beyond the boundary of applicability of the ray series. Beyond this boundary the ray series diverges and this divergence reflects the asymptotic nature of the ray series.
A C K N O W L E D G M E N T S
SB is grateful to Gerhard Müller † for many discussions and suggestions. YAK is grateful for the financial support of the Alexander von Humboldt foundation. Comments by reviewer Biondo Biondi helped to improve the manuscript. The authors are also indebted to the participants of the seismic seminar of Professor S.A. Shapiro at the Department of Geophysics, Freie Universität Berlin, for discussions and valuable advices.
